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Turbulence-Generated Pressure Fluctuations
in a Rocket-Like Cavity

Warren C. Strahle* and Douglas H. Nealet
Georgia Institute of Technology, A ilanta, Ga.

Theoretical acoustics applied to the pipe flow turbulence problem in a configuration that was experimentally
investigated yields an analytical formula for random pressure fluctuations generated by the turbulence. In order
to calculate the pressure fluctuations, it is found that certain spatial correlations of the fluctuation in the square
of the axial velocity are needed. These are measured by hot-film anemometry, as are the pressure fluctuations, in
a fully developed pipe flow and the theory is shown to be semiquantitative; a lower bound to the pressure
fluctuation emerges. Application to the problem of pressure fluctuations in rocket motors and attendant
vibration are indicated.

ITU

Nomenclature
A = pipe cross-sectional area
A cor = correlation area of turbulence
a = pipe radius
c — speed of sound
/ = quantity defined by Eq. (6)
gu = Green's function for plane wave acoustics problem
g = Green' s function for H
H = Bernoulli enthalpy
Jm = Bessel function of order m
t. = duct length
£cor = axial correlation length scale of turbulence
n = outward unit normal vector
p = pressure
Sfj. = cross-spectral density between signal / and signal j
SIf = cross spectrum of pressure due to local turbulence

= cross spectrum of pressure due to propagational
sound

smn = eigenvalue in the problem for H
s = entropy
t =time
t0 = sample time in Fourier transform
M = vortical velocity vector
V -volume'
v = velocity vector
w - potential velocity vector
Xf = Cartesian coordinate in /th direction
x = distance along duct
x0 = distance along duct
Fcor = correlation volume for turbulence
ft = quantity defined by Eq. (8)
5 = Dirac delta function
p — density or probe separation distance
w = radian frequency
<p = velocity potential

Subscripts
t = transverse part
oo = plane approximation
cor = correlation scale
oo = value at infinity in the potential field
co = Fourier transform
1 =x direction
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Superscripts
( )' - fluctuation
( ) = mean or ensemble average

Introduction

PRESSURE fluctuations inside of a rocket motor cavity
are one source of motor vibrations. Typically, the

broadband random pressure fluctuations which are normally
considered reasonable to tolerate are of the order of 1 % rms
magnitude when compared with the mean chamber pressure.
Depending upon the frequency content of this background
noise in the pressure, however, this 1% level can cause
vibration troubles. Especially if the excitation frequencies
overlap a longitudinal mode frequency of the chamber cavity,
strong longitudinal resonances may occur with attendant
thrust fluctuations. Such fluctuations in thrust can be more
than the 1% level of the pressure fluctuations because the
pressure field is spatially variant and differentially acts on the
head and aft ends of the cavity. This kind of problem is
currently believed to exist in one large system.l

There are several potential sources for the background
pressure fluctuations, and many of these have been con-
sidered in Ref. 2. However, the results of Ref. 2 contain an
ambiguity in interpretation due to the simplified theory
employed, and it is desirable to use a more accurate theory to
treat the problem. The approach here is to look at the problem
of turbulence induced pressure fluctuations, both
theoretically and experimentally, with a view towards
prediction of the pressure fluctuation level in rocket motors,
due to the turbulence field. There will necessarily be left out,
at this point, other potential sources of vibration such as
combustion noise.2

The approach here is to first look at a relatively well-
characterized turbulence field, that of pipe flow, encountering
a rocket-like flow termination, that of a choked deLaval
nozzle. The purpose is to see the accuracy with which the
pressure fluctuation levels may be predicted by theory, given
appropriate measurements of the turbulence field. If
satisfactory answers may be obtained, the theory may be
applied to rocket motors as further information becomes
available on the rocket motor turbulence field, as given, for
example, by the computations of Ref. 3. For the moment,
however, this may be regarded as a fundamental investigation
of turbulence generated pressure fluctuations in a given type
of interior flow problem.

Analysis
Consider the configuration of Fig. 1, where a pipe flow is

terminated by a choked nozzle and is also the configuration in
the experimental results to follow. Except very near the walls
the inlet flow is nearly potential; there follows a transition to
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Fig. 1 Schematic drawing of the experimental
configuration.

turbulent flow and finally a fully-developed purely vortical
turbulent pipe flow. In the fully-developed turbulent region it
is the mean flow that is purely vortical, but superimposed is a
turbulent fluctuation that has pressure fluctuations associated
with it. The calculation of the pressure field is the issue here.

Consider the formulation of the conservation equations as
given by Yates and Sandri.4

d2 d<p \ d / on.- d<p \
' dXj / dXj \ dxf dxf /

V -u =

y — 1
-

p
—
Po

(2)

(3)

(4)

In the preceding, all effects of viscosity and heat conduction
are neglected so that when considering fluctuations it is
understood that the frequency domain under consideration is
that of the energy containing eddies of the turbulent flow. The
isentropic specialization has also been made in the more
general formulation of Ref. 4, consistent with the neglect of
transport phenomena and the further assumption of no
chemical reactions. A companion equation to Eq. (2) has been
omitted; it is the vorticity conservation equation. H is the
Bernoulli enthalpy given by

a,
dt 2 (5)

part of the velocity field as the culprit in noise generation.
This will remove the ambiguity in Ref. 2, which used a
Lighthill approach. The final results will turn out to be
equivalent to a Ribner5 formalism, but, again, an ambiguity
is removed in that the vortical field is clearly identified as the
noise source. This point is clearly covered in Ref. 4.
Moreover, there are advantages to this formalism when
chemical reaction is considered, which is a desired future
extension of this work.

It is assumed that the potential velocities are much less than
the vortical velocities, which has been verified after the fact,
so that Eq. (2) becomes

d2

(UiUj)m-f(Xi,t) (6)

The genesis of Eq. (2) is the momentum equation

(7)

which is zero on the walls of the tube because all velocities
must vanish. At the head end of the tube V//=0 since the
flow is a potential flow. At the nozzle end, however, more
care is required. What is needed to solve Eq. (6) is the
boundary condition Vff-n on all boundaries of the flow
region.

Splitting the velocity into its mean plus fluctuating com-
ponents and noting that at the nozzle end V£ = 0 and
v = u1(r), the A:/ = x component of Eq. (7) becomes

—
ot (8)

and plays a fundamental role in the generation of noise in Eq.
(1). In the potential flow region of the pipe flow V 2H=0 and
//=//«,, a constant. In the fully-developed pipe flow region
such a relation does not hold, but Eq. (2) must be solved. It
will be assumed, and has been experimentally checked, that
the majority of the experimental configuration is filled with
the fully-developed pipe flow so that Eq. (2) is to be solved.

The preceding formulation is currently preferred by the
authors, as opposed to several other possible aeroacoustics
formalisms that are possible in order to treat the problem. It
will be found that the potential field of Eq. (1) is driven by the
creation of Bernoulli enthalpy by the first term on the right-
hand side of Eq. (2). This will clearly establish the vortical

In Eq. (8) the fluctuations in the potential field have been
neglected as compared with those in the vortical (turbulence)
field.

Now it is presumed that the vortical field is known or can be
measured so that the right-hand sides of Eqs. (6) and (8) are
known. The solution may be written in terms of the Green's
function for the Poisson equation

V 2g(Xi,x0.) = - 6 (xf -x0.)

Vg • n = 0 on the side wall and exit plane

g=0 at the entrance plane (9)
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whereby

//-//„ = ( g ( x f , x 0 l ) f ( x 0 l ) d V 0 + \ .
J V v A Q

(10)

Fourier transform of Eq. (16), the solution is

AC2 (15)

The Green's function may be constructed by standard
methods and is given by

(H)

where Fmn satisfies

_ 2 F_
~

and smn is determined by

The term in the solution with m = n=0 has only an axial
dependence and corresponds to cross-sectional averages of
quantities. Emphasizing this,

g=goo+g< H-H00=H00+Ht-H00

where the / subscript denotes the part which is due to trans-
verse dimensions of the duct.

The crucial step is now taken to ignore the higher terms in g
other than g00. It will be argued later that this will yield a
lower bound on the pressure generated by the turbulence.
Constructing gwt from Eqs. (9), it is found,

where gw is the plane wave Green's function for the duct. It,
again, may be constructed by standard means and depends
upon the impedance of the duct walls and end planes. If, as in
the experiment, it may be assumed that the walls are hard, the
open end is like an open ended organ pipe and the nozzle end
behaves like a hard wall,6 an especially simple form for gu
emerges. It is

X<Xn
ink(t-x0^x) +smk(t-x0+x)

-M-x)

Since all terminations and walls were assumed perfectly
reflecting, Eq. (16) contains resonances of infinite magnitude.
It is not hard to show, however, that Eq. (16) is valid around
the troughs even when the walls are nearly perfectly reflecting.
Equation (16) will be used, therefore, away from the
resonance frequencies.

Finally, the linearized, low Mach number form of the
equation of state, Eq. (4), using Eq. (5) becomes

d<p'
——

Using this with Eqs. (13) and (15), the final relation for the
pressure transform becomes

g(x,x0)=g00=-— x0>x ^

g(x,x0)=g00=-—- x0<x (12)

The fluctuation in //, Hr =//00-//00, is then constructed
from Eq. (10) after considerable manipulation and noting that
V • i/= 0. The result is

(13)

=/+// (17)

The pressure fluctuation therefore consists of two
superimposed parts. / is a local noise due to the local tur-
bulence field. II is a propagational sound, because of the
appearance of gw, and is the sound pumped up by the entire
volume of turbulence. The frequency content of / is the
frequency of the square of the axial velocity fluctuation, and
that of // is modified by gw .

Now consider the construction of the cross spectral density
of a pressure at two different points, jc7 and x2. Using Eq.
(17),

This result, remarkable in its simplicity, says that Bernoulli
enthalpy fluctuations merely are created by the fluctuations in
the square of the vortical part of the axial velocity com-
ponents.

Now moving to construction of the unsteady potential field,
it is readily shown that for low Mach number, which is
assumed and corresponds to the experimental situation, and
sufficiently small fluctuations in the potential field, which has
already been assumed, Eq. (1) reduces to

aV dH'
(14)

Using the notation Tu (x) = ( u1 Uj ) „ , it is seen

P2o

But if x, and x2 are separated sufficiently there is expected no
correlation between 7^ (xt ) and 7^ (x2 ) so SI(Xl)I(X2) «0. On
the other hand, if xl-x2, so that an autospectrum of the
pressure is considered, S// is nonzero and is given by

Since H' is purely planar by the preceding developments, a
plane wave solution to Eq. (14) is adequate. After taking the

(18)



MARCH 1981 TURBULENCE-GENERATED PRESSURE FLUCTUATIONS 363

Investigation of the magnitude of Eq. (18) reveals that it is
expected to be of order

SnisO[STTp2
0ACOT/A]

Similar manipulations on SII(Xl)II(X2) yield that even when
Xj and x2 are separated there is correlation between the signals
due to the fact that //corresponds to propagational sound. In
fact,

150

p2
0k4 ft

) = -̂ 7- }0 a (X2,x0)

(19)

The point is that both x0 and x0 run from 0 to £ to where
x0 «j?0 the rvalues are correlated. Careful examination yields
the order of magnitude result

Consider Xj =x2, so an autospectrum is being considered, and
the ratio of S// to SIIH is

The exact nature of this ratio depends upon the behavior of
the correlation area and volume with frequency, but generally
it is expected that 1) the propagational sound may dominate
near resonance peaks (cosfc£«0) and 2) away from resonance
S// will dominate since kt is of order unity or larger but
k Fcor IA cor is roughly like

^4or ''

for low Mach number flows with turbulence centered about
frequencies co0/w« 1. It may further be shown that the cross
terms SIH and SHI are small compared with either Sn or S I I f I .
Consequently, the situation is as follows: 1) If Xj and x2 are
widely separated only S// // should be sensed by a cross
spectrum of two pressure transducers. 2) If Xj =x2 the
autospectrum of the pressure will contain mainly S/ 7 with
contamination by S//// at resonant frequencies. 3) If enough
information is available on the spatial correlation of T^ the
pressure should be calculable.

It is argued that the pressure computed from Eq. (17) is a
lower bound to the actual pressure. This conjecture is due to
the retention of only one term, the plane approximation, in
//'. Actually, the Green's function of Eq. (11) contains an
infinite number of terms. However, each term is somewhat
uncorrelated with every other term because of different
transverse function weighting in the integration operation of
Eq. (10). Consequently, the mean square pressure should
consist mainly of a sum of squared terms, the first of which is
given by the solution as given here. Further work in com-
pletion of such a solution to include transverse dependence of
g should be carried out.

Experimental
The tube of Fig. 1 is 6.1 m long, 5.08 cm in diameter, and

instrumented with flush mounted microphones and hot-film
anemometers. Because ( w / w 7 ) ' is desired from the hot films,
the individual signals are first passed through a linearizer,
then squared, and then filtered to remove the dc part. All
signals are recorded on magnetic tape for later Fourier
analysis.
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Fig. 2 Comparison of Laufer's pipe flow data with that obtained in
the current experimental configuration.
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Fig. 3 Measured pressure spectrum at the wall and at the nozzle
entrance plane. Calculated contributions to the pressure from the
velocity fluctuation data.

The nozzle for most runs has a contraction ratio to give an
average Mach number of 0.1 at the entrance plane. To insure
fully-developed pipe flow by this station measurements were
made of the mean velocity and axial turbulence intensity.
These measurements are shown in Fig. 2 and are compared
with Laufer's7 pipe flow data. The axial extent of the fully
developed flow was determined to be essentially the last three
quarters of the tube length.

First consider the pressure autospectrum shown in Fig. 3.
The pressure is here being measured 5.1 cm upstream of the
nozzle. The spectrum consists of a broadband noise on which
there are superimposed weak resonance peaks at the !4 wave
resonance points. This is the situation expected from the
preceding theory. Figure 4 displays the cross-spectral density
magnitude between two microphones placed 20.3 cm apart.
Clearly what has been done is to suppress SI(Xl) I ( X 2 ) , as ex-
pected, and to reveal only the propagational sound. These
observations are in accord with the qualitative expectations
from theory; the question now is the quantitative agreement.

To see if the pressure is calculable, what is needed for SIf is
given in Eq. (18). Using the cylindrical coordinate system of
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Fig. 4 Cross-spectral density between two microphones separated by
20.8 cm.
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Fig. 6 Cross-spectral density of transversely separated hot-film
anemometers for various frequencies.
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Fig. 5 Coordinate system for spacewise cross correlations of velocity
fluctuations and actual experimental points.

Fig. 5, this becomes "̂

p2 p p2a ^2(^0)
S/7=-^ (L4(r,9) dp dWSr(rfe,7Xr.e.ftA J JO J<f>](p,r,Q)

While axial symmetry helps somewhat, this still requires an
enormous number of cross-spectral densities of space
separated hot films to obtain accurate numbers. Accordingly,
an approximate procedure is used. A representative r, 0 point
Js taken as r= a/2, 9 = ̂ /2 and a fixed anemometer is placed
at this point. A traverse of separation distance p = 0 to a/2 is
taken with <p = ir/2 and then a traverse p = 0 to 3a/2 is made
with p = 3ir/2. S/ / is then approximated by numerical in-
tegration of the results.
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Fig. 7 Real part of cross-spectral densities of axially separated hot-
film anemometers for various frequencies.

Shown in Fig. 6 is the behavior of STT as a function of
separation distance p for various frequencies. As expected,
the size scale over which neighboring anemometers are
correlated decreases with an increase in frequency. Sn is then
calculated by integration and the result is shown on Fig. 3. It
is seen that 1) indeed a lower bound is produced for the
broadband noise, 2) the frequency content is roughly correct,
and 3) this lower bound is only about 2 dB lower than the
experimental curve (that is, the theory underestimates the
actual linear rms pressure by about a factor of 1 .6).

5/7 // is more difficult to come by because there is an axial
integration also involved in Eq. (19). Looking at the
autospectrum, letting X0=x0 + £t and assuming the Green's
function varies slowly over the distance scale where the axial
correlation of T drops to zero, there results the approximation

$7777 = ̂ L k4 j dxog* (x)x0)g(J) (x,x0 ) j ̂  df j cL4 (r,0 )

\

The difficulty here is that now STT has a phase, dependent on
f, because of convection of disturbances. However, Sn n is
real so that the integration must cancel out all phase. Con-
sequently, only the real part of STT is used in the preceding. A
typical example of ST(XOfr>e)T(Xo+^Q) is shown in Fig. 7. The
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Table 1 Scaling of pressure level with flow velocity

Mass weighted
flow velocity, m/s

34.1
49.4
65.2

Sound pressure level
dBre2xlO- 5n/m 2 )

108.5
111.8
115.8

prior formula is estimated by

r£

5//// = S//£Xr l£
J 0

where

(20)

and the integral is numerically computed from the data. This
is clearly a rather coarse estimate, and, recall, the Green's
function is not accurate near the resonance peaks. The
calculation of Eq. (20) is shown near the troughs in gu on Fig.
3. Again, a lower bound is evident and the troughs, as ex-
pected, are significantly down from the lower bound estimate
ofS/7.

In the experimental configuration, the Sn term is
dominating the pressure fluctuation. Integration of the
spectrum to yield the mean square pressure is made difficult
because of the ACOT term in the order of magnitude estimate
below Eq. (19). If Acor were independent of frequency

would result. However, since A^ may be expected to fall
with frequency, a dependence on U to somewhat less than the
fourth power would be expected. Checking this with nozzles
of differing contraction ratio, the results is shown in Table 1 .
The result is that </? ' 2 > oc U3 .

Concluding Remarks
What has now been gained is an understanding of the

pressure fluctuation generation by turbulence in an interior

flow. This understanding is semiquantitative in the sense that
a lower bound to the pressure field may be calculated from
knowledge of spatial correlations of the turbulence velocities.
The next step would be to use information on rocket motor
turbulence, if available, together with an accurate calculation
of g as, for example, in Ref. 2, and to use these pieces of
information to calculate pressure fluctuations in a rocket
motor cavity. The problem is that the necessary correlations
are not available. While progress is being made in calculation
of the kinetic energy of turbulence3 the spatial correlations
necessary here do not appear to be forthcoming. Con-
sequently, current work is centering on measurement of the
necessary turbulence quantities in a tube as in Fig. 1 but with
blowing from the side walls, to simulate a solid rocket cavity.
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